Abstract. Let L 1 be the set of all mappings f : Z p → Z p of the space of all p-adic integers Z p into itself that satisfy Lipschitz condition with a constant 1. We prove that the mapping f ∈ L 1 is ergodic with respect to the normalized Haar measure on Z p if and only if f induces a single cycle permutation on each residue ring Z/p k Z modulo p k , for all k = 1, 2, 3, . . .. The multivariate case, as well as measure-preserving mappings, are considered also.
INTRODUCTION
Let L 1 be the set of all functions f : Z p → Z p defined on (and valuated in) the space Z p of all p-adic 1 integers that satisfy Lipschitz condition with a constant 1 with respect to the p-adic metric · p : f (x) − f (y) p ≤ x − y p for all x, y ∈ Z p . For p = 2 this class is of particular practical importance for computer science since it includes all mappings combined of standard microprocessor instructions, such as arithmetic ones (integer addition, multiplication, etc.) and bitwise logical ones (such as AND, bitwise logical 'and'; OR, bitwise logical 'or', etc.); see [5] and [4] for details.
Any mapping f ∈ L 1 naturally induces a well-defined mappingf k = f mod p k : Z/p k Z → Z/p k Z of the residue ring Z/p k Z into itself by lettingf k (z) = f (z) mod p k , the least non-negative residue of f (z) modulo p k . That is,f k (z) is the smallest non-negative rational integer v such that v − f (z) p ≤ p −k or, in other words,
is a canonic p-adic representation of f (z); v i = δ i (f (z)) ∈ {0, 1, . . . , p −1}, i = 0, 1, 2, . . .. In view of what has been just said, x ≡ y (mod p k ) for x, y ∈ Z p means that x − y p ≤ p −k . We use the same notation in the multivariate case also, i.e. for functions F : Z Note that under this notation, the function f : Z p → Z p satisfy Lipschitz condition with a constant 1 if and only if f (x) ≡ f (y) (mod p k ) whenever x ≡ y (mod p k ). Thus, functions that satisfy Lipschitz conditions with a constant 1 are exactly those ones that preserve all congruences of the ring Z p ; i.e., they map cosets into cosets: f (a + p k Z p ) ⊂ f (a) + p k Z p for any a ∈ Z p and any k = 1, 2, . . .. In algebra, functions which preserve all congruences of an algebraic system are called compatible; so throughout the paper we use for short the term 'compatible' instead of 'satisfying Lipschitz condition with a constant 1'. Note that a coset a + p k Z p of the ring Z p with respect to the ideal p k Z p is a ball of radius p −k in the space Z p . Hence, in our case compatible mappings are exactly ones that map balls into balls. This is an exercise to prove that an analytic function which is defined by a power series ∞ i=0 a i x i (with a i ∈ Z p for all i = 0, 1, 2, . . .) that converges everywhere on Z p , is compatible. We denote this class of analytic functions via C. Natural examples of these functions are polynomials over Z p , certain p-adic logarithms (e.g., ln p (1 + px) =
), some rational functions (e.g.,
1.1 Definition. We say that f :
is a permutation of elements of the ring Z/p k Z; and we say that f is transitive modulo p k whenever f mod p k is a permutation with a single cycle. We say that the multivariate function F :
m of the corresponding Cartesian powers of the residue ring modulo p k satisfy the following condition: For each v ∈ (Z/p k Z) m the cardinality #F
Further in the paper we say that the function f :
) is measure-preserving whenever it preserves the unique Haar measure µ p , which is normalized so that the measure of the whole space is 1. Accordingly, we say that f is ergodic whenever f is ergodic with respect to µ p .
The paper study measure-preserving (in particular, ergodic) transformations of the space of p-adic integers; within this context the paper is a contribution to the theory of p-adic dynamical systems. The latter are of growing interest now because of their possible applications in different areas: For instance, applications of the padic dynamics to physics, cognitive sciences, and neural networks are discussed in [17] . Recently ergodic transformations of the space of 2-adic integers were successfully applied to pseudorandom number generation for computer simulations and especially for cryptography (stream cipher design), see [2] , [10] as well as [7, 8, 6] . The following theorem was announced in [5] : In the paper we prove this theorem, see Sections 2, 3 and 4. It worth notice here that from further considerations it follows that a compatible measure-preserving function F : Z n p → Z n p is an isometry, see Note 2.5. Theorem 1.2 in a combination with earlier results of the author on transitivity modulo p k (see [3] , [5] and [9] ) is used further to obtain the following characterization of ergodic transformations of spheres:
1.3 Theorem. Let f be a C-function (e.g., a polynomial over the ring Z p ). In case p odd, the mapping z → f (z) is an ergodic 3 transformation of each sufficiently small sphere with a center at y ∈ Z p if and only if the following two conditions hold simultaneously:
• f (y) = y, and In case p = 2 no C-function exists such that the mapping z → f (z) is ergodic on all spheres around y ∈ Z 2 of radii less than ε, whatever ε > 0 is taken.
As a matter of fact, Theorem 1.3 remains true for a class B of functions that is wider than C, and even for a class A that is bigger than B. Both these classes A and B contain functions that are not necessarily analytic Z p , yet only locally analytic of order 1. Moreover, Theorem 1.3 is an immediate consequence of a more general Theorem 5.7 dealing with the ergodicity on a single sphere around y ∈ Z p rather than on all sufficiently small spheres around y ∈ Z p , see Section 5 for details.
Earlier in [15] and [14] ergodicity of monomial mappings z → z ℓ on spheres S p −r (1) of a radius p −r with a center at 1 was studied: It was shown that for odd p and r > 1 the mapping is ergodic iff ℓ is a generator of the group (Z/p 2 Z) * . Mentioned Theorem 5.7 is a generalization of that result. Moreover, with the use of this theorem we are able to solve a problem that was put at the 2 nd Int'l Conference on p-adic Mathematical Physics by Professor Andrei Khrennikov (see also [15] , [14] , and [16] 
We know for which ℓ and p the dynamical system f (x) = x ℓ is ergodic on the sphere S p −r (1). Let us consider the ergodicity of a perturbed system
such that all coefficients of q(x) are p-adicaly smaller than p −r . This condition is necessary in order to guarantee that S p −r (1) is invariant. For such a system to be ergodic it is necessary that ℓ is a generator of (Z/p 2 Z) * . Is this sufficient?
3 with respect to the induced measure 4 In this case they also say that
We prove that the answer is affirmative if the radius p −r is sufficiently small (actually, if r > 1), see Proposition 5.10. Note that in view of Theorem 1.3 the mentioned perturbed mapping is ergodic on all spheres around 1 of radii less than p −r if and only if one more condition holds: 1 is a root of the polynomial q(x). It worth notice also that with the use of Theorem 5.7 it is possible to prove the ergodicity of the 'perturbed' analogs of mappings considered in [11] and [12] on all sufficiently small spheres, namely, of mappings z → az ℓ + q(z) and z → az + b+ q(z), where q is a 'p-adically small' perturbation. See Section 5 for details.
MEASURE-PRESERVING ISOMETRIES
In this section we prove that a compatible function F : Z n p → Z n p preserves measure if and only if it is bijective modulo p k , for all k = 1, 2, . . .. We consider a case n = 1 just to simplify notation; all statements of this section hold for a general case, their proofs are quite similar to ones of the case n = 1. It worth notice here that the main result of this section could be deduced also from a more general result of Section 3. However, we present a separate proof for the considered case since the proof gives us some extra information about the functions of considered type.
Proposition. A compatible and measure-preserving function
Proof. We prove that f is both injective and surjective.
Claim 1: Under conditions of Proposition 2.1 the function f is injective.
Claim 2: Under conditions of Proposition 2.1 the function f is bijective modulo p k for all k = 1, 2, . . ..
Otherwise for suitable a, b ∈ Z p (a = b), and k the balls a + p
Yet this leads to a contradiction, see Claim 1. Take arbitrary z ∈ Z p . Then in view of Claim 2 there exists exactly one x 1 ∈ Z/pZ such that f (x 1 ) ≡ z (mod p) (here and further we identify elements of the residue ring Z/p k Z with non-negative rational integers 0, 1, . . . , p k − 1 in an obvious way). Similarly, there exists exactly one
So we obtain a sequence
It is an exercise to show now that the sequence x 2 , x 2 , . . . is a Cauchy sequence (which hence converges to some x ∈ Z p ), and that f (x) = z.
Note.
As a bonus we have that whenever a compatible function g : Z p → Z p is bijective modulo p k for all k = 1, 2, . . ., it is a bijection of Z p onto Z p , see proofs of Claims 2 and 3 of the proof of Proposition 2.1.
Proposition. Let a compatible function
Proof. In view of Note 2.2 the function g is a bijection of Z p onto Z p ; whence, there exist an inverse function f = g −1 , which is also a bijection of Z p onto Z p . Moreover, f is continuous since g is continuous.
The latter contradicts conditions of Proposition 2.3.
Applying a bijection f to the both sides of this inclusion, one obtains
Claim 3: f is bijective modulo p k for all k = 1, 2, . . ..
Assuming there exist
Claim 4: f satisfies conditions of Proposition 2.3.
See Claims 1 and 3.
Since V is open, it is a disjoint union of a countable number of balls V j of nonzero radius each: V = j∈J V j . Then g(V ) = j∈J g(V j ), since g is a bijection. Note that in view of Claim 5, each g(V j ) is a ball of a radius that is equal to the one of the ball V j ; that is, µ p (g(V j )) = µ p (V j ), for all j ∈ J. Moreover, the balls are disjoint:
In view of Claim 4, one has then µ p (f (R)) ≤ µ p (R), for every measurable R ⊂ Z p . Now we take R = g(M) (whence f (R) = M) and obtain µ p (M) ≤ µ p (g(M)), thus proving the Proposition. Proof. Necessity of the conditions is proved by Claim 2 of Proposition 2.1, whereas their sufficiency is proved by Proposition 2.3.
Note.
As a bonus we have that every compatible measure-preserving function f : Z p → Z p is an isometry: A distance between two points is just a radius of the smallest ball that contains them both; however, as it was shown, a measurepreserving compatible mapping is a bijection that merely permutes balls of the same radius.
MEASURE-PRESERVING FUNCTIONS
In this section we prove that a compatible function F : Z 
Lemma. Let a compatible function
Proof. We start with proving the lemma 'modulo p k '.
Here and further we assume that s ≤ k. In this case
, and since F is balanced modulo p k , then
For j = 1, 2, . . . , p s(n−m) choose (and fix)ā k,j ∈ (Z/p k Z) n so thatā k,j ≡ā s,j (mod p
what is given by equation (3.1.1), we conclude that all theseâ k,j constitute the full preimageF
, which is then just the union of cosetsā k,j + p s (Z/p k Z) n over j ∈ {1, . . . , p s(n−m) }. These cosets are disjoint since allā k,j are different modulo p s .
Claim 2. For j = 1, 2, . . . , p s(n−m) fix a j ∈ Z n p such that a j ≡ā s,j (mod p s ), wherē a s,j are defined as above forb k ≡ b (mod p k ). Then
First note that in this setting the definition ofā s,j (whence, of a j ) does not depend on k, only on b and s, since forb k ≡ b (mod p k ) the set {ā s,1 , . . . ,ā s,p s(n−m) } is just a fullF s -preimage of (b mod p s ); here (b mod p s ) is a unique non-negative rational integer that lays at the distance p −s from the point b; an approximation of b by a non-negative rational integer with precision p −s with respect to a padic metric. In other words, given b ∈ Z m p , we putb s ≡ b (mod p s ), whereb s ∈ {1, 2, . . . , p s − 1} m , then take all solutionsā s,j ∈ {1, 2, . . . , p s − 1} n of the congruencē F s (x) ≡b s (mod p s ) in indeterminate x, and after that, for each of these p
solutionsā s,j , we choose an arbitrary a j ∈ Z n p so that a j ≡ā s,j (mod p s ). Form the definition ofā j it follows immediately that for every
. Thus, we must prove the inverse inclusion only. Given c ∈ b + p s Z m p , for every k ≥ s from Claim 1 it follows that
Thus, applying Claim 1 we obtain:
This finishes the proof of Lemma 3.1. 
On the other hand,
p is a countable union of such balls (and, maybe, points); hence , the union is disjoint, whence µ p (F −1 (W )) is a closed subset of Z n p , and µ p (F −1 (W )) = µ p (W ) in view of Corollary 3.2. Thus,
Finally we get µ p (F −1 (M)) = µ p (M), thus proving the Proposition.
To finish considerations of this Section, we must now prove the inverse statement.
Proposition. Any compatible measure-preserving function
F : Z n p → Z m p is balanced modulo p k , for all k = 1, 2, . . .. Proof. Let for some k there existsx,ȳ ∈ (Z/p k ) m = {0, 1, . . . , p k − 1} m such that #F −1 k (x) = #F −1 k (ȳ); note that both F −1 k (x) and F −1 k (ȳ) lie in a finite set (Z/p k ) n = {0, 1, . . . , p k − 1} n . Consider two ballsx + p k Z m p andȳ + p k Z m p in Z m p . Then F −1 (x + p k Z m p ) = z∈F −1 k (x) (z + p k Z n p ), F −1 (ȳ + p k Z m p ) = z∈F −1 k (ȳ) (z + p k Z n p ). Thus, µ p (F −1 (x + p k Z m p )) = µ p (F −1 (ȳ + p k Z m p )); a contradiction.
ERGODIC FUNCTIONS
In dynamical systems theory an ergodic mapping is, by the definition, a metric endomorphism T (i.e., a measure-preserving mapping of a measurable space X into itself) that has no non-trivial (that is, of positive measure < 1) invariant sets (we assume as usual that the measure is normalized so that the measure of X is 1). In this section we characterize ergodic functions among all compatible functions F : Z 
Proof.
We start with the 'if' part of the statement. By the definition, the function F is ergodic whenever F −1 (A) = A implies either µ p (A) = 1 or µ p (A) = 0, for any measurable A ⊂ Z n p . Let F be transitive modulo p k for every k = 1, 2, . . ., yet let F be not ergodic. That is, let there exist a measurable non-empty A ⊂ Z n p such that 0 < µ p (A) < 1 and F −1 (A) = A (whence F (A) = A, since F is a bijection, see Section 2).
We claim that then there exists a closed F -invariant subset C ⊂ A (that is,
Moreover, this closed subset C is a union of some finite number of balls of pairwise equal radii.
Indeed, as any open subset of Z n p is a countable union of balls, and since a complement of a ball of a positive radius r is a union of a finite number of balls of this radius r each, every closed subset of Z n p is a countable union of balls, some of which are, maybe, of zero radius (i.e., points). However,
since µ p is a regular measure. Thus, there exists a closed subset B ⊂ A such that µ p (B) > 0 since µ p (A) > 0. Hence, there exists a subset C ⊂ B, which is a ball of a positive radius r; thus, µ p (C) > 0. Since in force of Section 2 the mapping F is a compatible and measure-preserving bijection, both F −1 (C) and F (C) are balls of the same radius r. Thus, the set C = ∞ s=−∞ F s (C) is an F -invariant subset of A: F −1 (C) = C, and C ⊂ A. As the union
is a union of balls of the same radius r, then C is a union of a finite number of balls of radius r, since there are only finitely many balls of the radius r. Obviously, µ p (C) < 1 since µ p (A) < 1 by our assumption. Also, µ p (C) ≥ µ p (C) > 0. Now, to prove the 'if' part of the proposition we may additionally suggest that A is either a ball (of radius, say, 1 > p k > 0), or A is not a ball, yet a union of a finite number of balls of radius r = p k > 0 each. In all cases the mappingF k is not transitive since it has a proper invariant subset, which consists of all images modulo p k of these balls. Yet this contradicts our assumption that F is transitive modulo p k for all k = 1, 2, . . .. Now we prove the 'only if' part of the proposition. Let F be ergodic. Then F preserves measure, so in view of Section 2 for each k = 1, 2, . . . the mappinḡ F k is a permutation of the elements of the ring (Z/p k Z) n . In case for some k the permutationF k has more than one cycle, we have that there exists a proper subsetĀ
n . This contradicts our assumption that F is ergodic.
THE ERGODICITY ON SPHERES
In this section we study compatible ergodic transformations of spheres centered at y ∈ Z p . Let S p −r (y) be a sphere of radius 1 p r < 1 with a center at y ∈ Z p ; that is
Note that this sphere is a disjoint union of balls of radius
since S p −r (y) is a set-theoretic complement of the ball y + p r+1 Z p to the ball y + p r Z p . So S p −r (y) is a closed and simultaneously an open (whence, a measurable) subset of Z p . We consider a measureμ p induced on S p −r (y) by the Haar measure µ p on the whole space Z p ; we assume thatμ p is normalized so thatμ p (S p −r (y)) = 1. Now, if f ∈ L 1 is a compatible mapping of Z p into Z p such that the sphere S p −r (y) is invariant under the action of f (that is, f (S p −r (y)) ⊂ S p −r (y)), we can consider a restriction of f (which we denote by the same symbol f ) on the sphere S p −r (y) and study ergodicity of the restriction f with respect to the measureμ p . We say then that f is ergodic on the sphere S p −r (y) whenever S p −r (y) is invariant under action of f , and the action is ergodic with respect toμ p , in the above mentioned meaning.
The following easy proposition holds:
Proof. Since S p −r (y) is invariant, and since f maps balls into balls,
, and the result follows.
From this Proposition we immediately get the following 5.2 Corollary. Let all spheres around y ∈ Z p of radii less than ε > 0 are invariant under action of f ∈ L 1 . Then f (y) = y.
Further, as it follows from their proofs, all results of preceding sections hold not only for the whole space Z p , but (up to a proper re-statement) for any finite disjoint union of balls of pairwise equal radii as well 5 . This implies the following important note: 5.3 Note. A compatible mapping f : Z p → Z p is ergodic on the sphere S p −r (y) if and only if it induces on the residue ring Z/p k+1 Z a mapping which acts on the subset
as a permutation with a single cycle, for all k = r, r + 1, . . .. It worth notice also that whenever a compatible mapping f is ergodic on the sphere S p −r (y), f is a bijection of this sphere onto itself; moreover, it is an isometry of this sphere, see Notes 2.2 and 2.5. The same holds for balls.
From these notices we deduce the following lemma: 
2) the mapping z → f p−1 (z) mod p r+t+1 permutes cyclically elements of the set Proof. As every compatible and ergodic transformation f of the sphere is bijective on this sphere, and f is an isometry on this sphere as well (see above notions),
for all a ∈ Z p and all k = 1, 2, . . .. Thus, the mapping z → f (z) mod p k+1 (k > r) permutes cyclically elements of the set
if and only if conditions 1) and 2) hold simultaneously for t = k − r. This proves the first part of the statement of the lemma, in view of Note 5.3. The second part of the statement is just an analogue of Note 5.3 for balls instead of spheres.
To state the central result of this section, which describes ergodic mappings of a sphere into itself in a rather wide class B of compatible mappings, we introduce this class first: Consider the following class B of mappings from
which was studied in detail in [5] . In view of the well-known criterion for the convergence of Mahler's series (see e.g. [20] ), the series of the definition of B is convergent everywhere on Z p and defines a uniformly continuous function on Z p . Note that, obviously, B is the class of all functions that could be represented by 'descending factorial' power series with p-adic integer coefficients, that is, f ∈ B if and only if
, where
. The class B is endowed with a non-Archimedean norm max z∈Zp f (z) p , which defines a metric D p on B. The following is proved in [5] :
• B ⊂ L 1 , i.e., all functions of B are compatible; • B is a completion (with respect to the metric D p ) of the class P of all polynomials over Z p ; • the class C of all analytic on Z p functions that could be represented by convergent power series with coefficients of Z p , is a proper subclass of B; • B is closed with respect to addition, multiplication, compositions, and derivations of functions.
We stress that, in a contrast to the class C, which consists of analytic functions, the class B is closed under compositions of functions. Further we intensively use this property without special remarks.
Despite among B-functions there exist functions that are not analytic on Z p (e.g., the function
, all B-functions are analytic on all balls of radii less than 1; namely, the following theorem holds:
5.5 Theorem (Taylor theorem for B-functions). For every f ∈ B, a, h ∈ Z p and k = 1, 2, 3, . . . the following equality holds: Proof of Lemma 5.6. As we have demonstrated in [5] , for every f ∈ B and every
where ∆ is a difference operator; ∆f (x) = f (x + 1) − f (x). Thus, as ∆ in the right-hand side of (5.6.2) is a p-adic integer. Moreover, as a k+s i 1 ·i 2 ···in = a k+s j 1 ·j 2 ···jn whenever j 1 , j 2 , . . . , j n is a permutation of i 1 , i 2 , . . . , i n , the sum σ s is a multiple of n!, i.e., 
